The Fermi liquid theory formulated by Landau is a basic paradigm of the behavior of an interacting many-body system. We present a new application of this theory to calculate "Landau force" on a macroscopic object. We show that immersing a pendulum in Fermi liquid can increase its oscillation frequency, and evidence of this has been observed in mixtures of 3 He and 4 He.
tries have been perturbative. As the Fermi-liquid theory reduces to the hydrodynamic theory in the limit of small mean free path, the leading corrections appear in the boundary conditions. This leads to a modified boundary condition where the fluid velocity is assumed to extrapolate to the wall velocity at a "slip length" behind the wall [14] [15] [16] [17] [18] . In this letter we calculate the response of the Fermi liquid to a vibrating body in the full range of mean free paths from the hydrodynamic to the ballistic limit. The calculation necessarily is numeric. With a view to apply the calculation to measurements using vibrating wires, we specifically consider a circular cylinder oscillating transverse to its axis. We also use the Fermi-liquid theory adapted to the simultaneous presence of bosonic superfluid, as formulated by Khalatnikov [19] . Besides being applicable to mixtures of 3 He and 4 He, this has the advantage that some basic properties of the Fermi-liquid theory are more easily visible [20] .
A noninteracting Fermi system has plane-wave states with momenta p and energy p = p 2 /2m where m is the mass of a fermion. The ground state of the system consists of a Fermi sphere with all states p < p F filled and others empty. The basic assumption of Landau was that the energy spectrum of the interacting Fermi system has one-to-one correspondence with the non-interacting system. In particular, the momenta p of the quasiparticles are the same as for noninteracting particles, but the energies are shifted. Near the Fermi surface one writes the energy as linear in momentum, p = v F (p − p F ) where the parameter v F = p F /m * defines the effective mass m * . Using the group-velocity argument to the dispersion relation p gives that the excitation propagates with velocity v whose magnitude equals the Fermi velocity v F . Thus the momentum of the principal fermion mv differs from the momentum p of the excitation. In Fermi-liquid theory this missing momentum is parameterized so that fraction
* of the total momentum p is carried by the bosons and fraction mF 1 /3m
* by other fermions. This can be interpreted that the principal fermion pushes with it a cloud of both bosons and other fermions. Here the bosons are assumed to be fully condensed and are described by density ρ B , chemical potential µ B and superfluid velocity v s . The special case without bosons is obtained by setting ρ B = D = 0.
A crucial observation of Landau was that the dispersion relation assumed above leads to a consistent theory only if one allows an interaction between the quasiparticles. This modifies the quasiparticle energy to p = v F (p − p F ) + δ p with the correction [19] 
Close to the Fermi surface, δ p depends on momentum only through its directionp = p/p. The first term in Eq. (1) is the energy shift due to a non-equilibrium bo-
B , parameterized by α. The second term is the energy shift due to motion of the boson part with velocity v s . In the last term φp is the energy shift of the Fermi surface, P 0 (x) = 1, P 1 (x) = x,. . . are the Legendre polynomials and . . . p is the average over the Fermi surface. The terms with coefficients F 0 and F 1 are analogous to the 1+α and D terms but correspond to the fermion background. The higher order terms with l > 1 extend the leading two terms to general deformations of the Fermi surface.
In order to determine the dynamics, one needs a kinetic equation. For small deviations from equilibrium it takes the form
where I is the collision term. We see that this equation is a first order differential equation along classical particle trajectories, which are straight lines in the momentum directionp. The momentum conservation allows to determine the stress tensor and thus the force on macroscopic objects. In order to see how the elasticity of the liquid arises, let us consider a beam of quasiparticles, as depicted in Fig.  1 . On a trajectory crossing the beam, the beam causes a potential δ p , which shifts all quasiparticle energies (Fig.  1b) . As in equilibrium the states are filled up to the Fermi level, the potential is compensated by a change of the particle density on the crossing trajectory. Therefore, the dynamics on the crossing trajectory, which is determined by quasiparticles at energies close to the Fermi level, is not essentially affected by a stationary beam.
Let us now consider that the intensity of the beam is changing. The changing of the potential stores or releases quasiparticles on the crossing trajectory. Thus a varying quasiparticle beam radiates quasiparticles in all directions even in the absence of any collisions (I = 0). In the case of a pendulum, the body moving with velocity u generates in the radial directionr a beam with amplitude proportional to u ·r. Typically the F 0 term is the dominant interaction term in (1) and thus the potential δ p ∝ F 0 u ·r. The quasiparticles radiated back on the body are proportional to δ˙ p ∝ F 0u ·r, where the dot denotes time derivative. This results in an extra "Landau force" F ∝ F 0u the body has to exert on the liquid. A force of the form F = Mu is well known in hydrodynamic flow, and M can be interpreted as the mass of the fluid that is dragged with the body. The difference in the present case is that F 0 can be negative. Rather than thinking of a negative mass, a simpler interpretation is that the fluid has elasticity leading to an increased restoring force and increased oscillation frequency of the pendulum.
In pure 3 He the parameter F 0 is positive. The Landau force leads to increased effective mass of any objects, including ions [21] , aerogel [22] and deformations of the surface of the liquid [23] , which effect has not been explored yet. The case of negative F 0 is realized in mixtures of 3 He and 4 He. Below we calculate in detail the case of a circular cylinder oscillating transverse to its axis.
The system of equations (1)- (2) was solved numerically for φp(r) on a grid surrounding an oscillating cylinder using relaxation-time approximation for the collision term. The force F by which the cylinder drives the liquid is conveniently expressed by mechanical impedance Z = Z + iZ defined by F = Zu, where we assume time dependence exp(−iωt). The dissipative Z and the reactive Z are plotted in Fig. 2 as a function of the mean free path . Two cases are shown by solid lines: a cylinder of radius a in a large chamber and in a slab of thickness 16a. We see that the confinement has strong effect especially on Z .
In the limit → 0, the viscosity can be neglected and the liquid behaves like an ideal fluid. This corresponds to pure reactance, Z ideal = −iπa 2 ρωG. Here ρ is the liquid density and G−1 = O(a/b) 2 is a small correction caused by a finite chamber dimension b. In the experimental case [4] Z ideal /an F p F = −0.50. With increasing the viscosity of the liquid becomes important. This leads to increasing dissipation and the effective mass M = −Z /ω grows because the increasing viscosity causes more liquid to be dragged by the oscillating cylinder. The hydrodynamic description becomes insufficient when approaches a. Compared to the hydrodynamic theory (dotted lines), the dissipation grows less rapidly and the fluid mass coupled to the oscillator starts to decrease. In the ballistic regime a the impedance saturates to a value independent of .
The fact that Z in the ballistic limit exceeds its idealfluid value in the limit → 0 can be analyzed as follows. 1) The fermion component of the fluid decouples from the ideal fluid flow corresponding to contribution mn F to be subtracted from ρ in Z ideal . (Here n F the fermion number density and m the bare fermion mass.) 2) As discussed above, part of the bosons are bound to fermion quasiparticles, and therefore the density Dm * n F /(1 + 1 3 F 1 ) has to be subtracted from ρ. These two contributions together constitute what is known as the "normal fluid density"
3) The Landau force, the main contribution coming from the negative F 0 . 4) In a finite geometry, there is an effect caused by quasiparticles reflected from the chamber wall back to the oscillating body. All these effects are shown separately in Fig. 2 . We see that the four effects are all in the same direction, and have similar orders of magnitude. Fig. 2c gives a comparison of the theory to experiments [4, 5] . Experimentally the mean free path was controlled by temperature, the lowest temperatures approaching the ballistic limit. We see that the confinement is crucial in order to achieve agreement. The essential point in the data is that the frequency shift of the oscillator in the low temperature limit is positive and clearly larger than the normal fluid contribution (contributions 1 and 2 together). This indicates the importance of the contributions of Fermi-liquid interactions and confinement, although their individual contributions cannot be separated.
In the calculation, the parameters of the slab chamber and the oscillating cylinder are fixed by the experiment. The Fermi-liquid parameters m * = 2.46, F 0 = −0.28 and F 1 = 0.155 are based on measurements of specific heat and second sound velocity as analyzed by Corruccini [25] . The higher Landau parameters F l with l > 1 were assumed to vanish. The boundary condition corresponding to diffuse scattering of quasiparticles [11] was used on all surfaces for the blue solid lines in Fig. 2 . Thus no fitting parameters was used.
In more detailed comparison, one can allow for partial specularity of the quasiparticle scattering from the surface of the oscillating cylinder [18] . Also, the walls of the experimental chamber are rough sinter, where part of the quasiparticles likely is absorbed rather than scattered. The effect of these modifications are indicated by dashed and dash-dotted lines in Fig. 2 . The effect of changing the other parameters and full comparison with the experiments [4, 5] , which were made using two different wires and at different concentrations and pressures, will be presented elsewhere [26] .
A Fermi liquid can support a collisionless propagating mode, known as zero sound. The zero sound arises from the same physics as the Landau force discussed here [Eqs. (1)- (2)]. Using terms of antenna theory, the Landau force could be interpreted as the near field effect and zero sound as the far field effect of the Fermi-liquid interactions. The zero sound occurs for repulsive interactions (F 0 > 0 in the case where F 0 is the dominant interaction parameter). The elasticity effect (Landau force F andu in opposite directions) occurs for attractive interactions (F 0 < 0 in the case of dominant F 0 ), where zero sound is damped.
In the ballistic limit, the Landau force can be calculated by low-frequency expansion of Eqs. (1)- (2) . The result is
The coefficients C l ∼ 1 are expressed in terms of complicated integrals. The dissipative part Z in the ballistic limit has been studied in Refs. 17 and 24. Before numerical calculation we made a transformation that uncouples the Fermi and Bose parts in the low frequency regime [20] , which is a good approximation since ωa/v F ∼ 0.02. For this a new distibution function ψp = φp + δ p + Dm * δµ B /m B (1 + 1 3 F 1 ) was defined. A two dimensional grid was constructed around the cylinder. On each grid point was stored the "old" values of the angular averages ψp p and pψp p , which appear in (1) and in I (2). Then the kinetic equation was solved for ψp(r) by integrating along the classical trajectories, taking into account boundary conditions [11, 20] . For that the values of the angular averages had to be interpolated between the grid points. By repeating this for a number of trajectories passing trough a given grid point, "new" values of the averages could be calculated by numerical angular integration. This was repeated for each grid point. Because of linearity of the equations, the new values of the angular averages are obtained as linear combination of the old ones. An inhomogeneous term appears in this relation because of the boundary conditions at the oscillating cylinder. A self-consistent solution was obtained by requiring the new values to be the same as the old ones. This matrix equation was solved by numerical matrix inversion.
In conclusion, we have shown that the force of a macroscopic object on a Fermi liquid has a contribution from the interactions, caused in particular by F 0 . With a numerical solution of the Fermi liquid equations in proper geometry we find good agreement with measurements in 3 He- 4 He mixtures.
